The strongly connected reliability scRel(D, p) of a digraph D is the probability that the spanning subgraph of D consisting of the operational arcs is strongly connected, given that the vertices always operate, but each arc is independently operational with probability p ∈ [0, 1]. We show that the closure of the set of roots of strongly connected reliability polynomials is the whole complex plane.
Introduction
It can be important to know how reliable a network is. One useful measure for an undirected graph is the all terminal reliability (c.f. [8] ), the probability that all pairs of vertices can communicate, given that the vertices are always operational and edges are independently operational (or ''up'') with probability p ∈ [0, 1]. This probability can be expressed as a polynomial in p. There is an extensive literature on all terminal reliability (see [8, 9] ).
The natural next step would be to consider the extension of reliability to digraphs. One such extension is reachability (c.f. [8] ), the probability that all vertices are reachable from a fixed vertex. However, this definition has attracted attention primarily from the fact that it is most amenable to the approaches and techniques of all terminal reliability. A more natural directed analogue of all terminal reliability is the following. The strongly connected reliability of a digraph D [3] [4] [5] [10] [11] [12] [13] is the probability that all pairs of vertices can communicate, in both directions, given that vertices are always operational and arcs are operational (or ''up'') with probability p ∈ [0, 1]. In other words, it is the probability that the spanning subdigraph of operational arcs is strongly connected. By listing the operational states and summing their probabilities, we see that strongly connected reliability, like all terminal reliability, is also a polynomial in p. We point out that strongly connected reliability arises in determining the probability that a random matrix is irreducible [10] .
There are relatively few families of strongly connected digraphs for which explicit formulas for their strongly connected reliabilities are known [3] [4] [5] [11] [12] [13] . In fact, determining the lowest power of p in the strongly connected reliability polynomial is intractable, as for a digraph on n vertices it is at least n, with equality iff D is hamiltonian [4] .
Let us consider some examples. The strongly connected reliability of a directed cycle of length n is p n , as every arc needs to be operational. For an undirected graph G = (V , E), we form the ''doubled graph'' G ↔ , a digraph on V , replacing each edge {x, y} of G by the pair of arcs (x, y) and (y, x). Note that G is connected if and only if G ↔ is strongly connected. The strongly connected reliability of the doubled cycle C ↔ n is 2p
, as a spanning subdigraph is strongly connected if and only if either at least one of the two hamiltonian cycles is operational (with probability 2p n − p 2n ) or exactly one pair of arcs (x, y) and (y, x) are non-operational with the rest operational (with probability n(1 − p)
. Since all terminal reliability and strongly connected reliability are both polynomials in p, it is natural to investigate the roots of these polynomials (similar investigations have been carried out for other graph polynomials, such as chromatic polynomials, flow polynomials and matching polynomials). We restrict ourselves to only strongly connected digraphs, to omit the trivial cases of zero polynomials. For all terminal reliability it has been shown [2] that the real roots fall within the interval (1, 2] . The complex roots were conjectured to lie within the closed unit disk centered at z = 1. This was the ''Brown-Colbourn Conjecture'' [2] , and although a number of results surrounding this conjecture were positive [2, 7, 15] , it was relatively recently disproved [14] (see also [6] ). We remark that the largest known distance of an all terminal reliability root from z = 1 is only approximately 1.04, which is just slightly outside the conjectured disk. This suggests that the roots of the all terminal reliability may still be bounded in modulus.
The real roots of both the strongly connected and all terminal reliability are not found between 0 and 1 since on this interval, the polynomials are increasing and positive. The real roots of strongly connected reliability polynomials can be found arbitrarily far in both directions along the real axis [3] . In fact, in [3] it was proven that the closure of the set of roots of strongly connected reliability polynomials contains the whole complex plane except possibly for the disk |z − 1| ≤ 1, and it was conjectured that the whole complex plane was indeed the closure of the set of roots. In this paper we will prove that conjecture.
The strongly connected reliability of a family of digraphs
We now introduce a family of digraphs and find a formula for its strongly connected reliabilities. The digraph D n is defined in the following way. The vertex set of D n is {u 0 , u 1 , . . .
. . , n − 1 (arithmetic mod n, here and in the rest of the proof), and as well, we have arcs Fig. 1 . We can also view D n as arising from the doubled cycle of length 2n by adding in the directed arcs along the even vertices.
We will call the cycle
Theorem 1. The strongly connected reliability for the digraph D n is
Proof. To calculate the strongly connected reliability of this digraph, we add up the probabilities of the states that are strongly connected. For such a state, we let S be the set of arcs in the inner directed cycle that are non-operational, and let |S| = i; S can be chosen in n i ways.
First, if i = 0, then S consists of all of the arcs in the inner directed cycle, so that all of the u i can communicate with one another, that is, they are in the same strongly connected component. An operational state v i is in the same component (and hence the state is strongly connected) it is necessary and sufficient that each v i has at least one incoming arc and one outgoing arc operational, that is, it is not the case that both of the incoming arcs to v i are non-operational, and similarly for the two outgoing arcs. There are two of each, so it follows that the sum of the probabilities of all of the strongly connected
2n .
We 
Now suppose that there is some e j = (u j , u j+1 ) ∈ S such that at least one of the arcs (u j , v j ) and (v j , u j+1 ) is nonoperational. As we need to be able to walk from u j to u j+1 , we must have all of the arcs in the backward big cycle up, except possibly (u j+1 , v j ) and (v j , u j ). If the latter pair are up, then the backward big cycle is up and the digraph is strongly connected.
The sum of the probability of these states, over all choices of S of size i, is
; the last factor is due to the fact that we insist that for some arc e j in S, we do not have both (u j , v j ) and (v j , u j+1 ) operational.
One final case arises if either (u j+1 , v j ) or (v j , u j ) is non-operational. In addition to the arcs in the backward big cycle being operational, except for the arcs (u j+1 , v j ) or (v j , v j+1 ), we must have exactly one of the jth forward or backward pair being operational; this probability is 2p
2 . Also, for every e k ∈ S − {e j }, we must have (u k , v k ) and (v k , u k+1 ) operational (with probability p 2(i−1) ). The choice of e j is unique among the arcs of S, and can be done in i ways. Thus the probability of this final case is
. Thus the probability that D n is strongly connected is
Routine algebraic simplifications give the result:
Density of the zeros of strongly connected reliability
We write
(1)
, and α 4 = 1. Beraha, Kahane and Weiss studied the limit of zeros of such functions (as arising in recurrences); a limit of zeros of a family of polynomials {P n } is a complex number z for which there are sequences of integers (n k ) and complex numbers (z k ) such that z k is a zero of P n k , and z k → z as k → ∞. The theorem of Beraha, Kahane and Weiss [1] (see the original for the full statement) also requires some nondegeneracy conditions: as no α i is identically 0, and as it is clearly not the case that λ j = ωλ k for any i = k and any root of unity ω, these conditions hold. The BKW Theorem implies that the limit of zeros of (1) are precisely those complex numbers z such that either
• One of the |λ i (z)| exceeds the others, and α i (z) = 0, or
The roots of f n (z) for small values of n are shown in Fig. 2 . The roots which are of most interest are those around 1, as these will be used to prove that the closure of the set of strongly connected reliability polynomial roots is the whole complex plane.
Proposition 2.
Given any r ∈ [0, 1] and any ε > 0, there is a root w of a strongly connected reliability polynomial such that |w − 1| is within ε of r.
|, we will find a limit of the roots near z = 1. Canceling the |z 2 | term on each side, since we can assume z = 0, and substituting z = a + ib into |z (2) This function is quadratic in b 2 , so b 2 can be obtained by the quadratic formula (taking the solution which is always nonnegative). We find that
It is not hard to determine that b 2 is positive for a ∈ [1, 7 6 ). We are free to take the positive square root (the negative square root would do just as well) and we have We now prove that the closure of the set of roots of strongly connected reliability polynomials is the whole complex plane.
Theorem 3. The closure of the set of roots of strongly connected reliability polynomials is the whole complex plane.
Proof. It was previously proven in [3] that the closure of the set of roots of strongly connected reliability polynomials contains all of the complex plane except possibly for the disk |z − 1| ≤ 1. Using the limit of the roots of the strongly connected reliability polynomials for the family of digraphs D n , we show that this disk is contained in the closure of the set of roots of strongly connected reliability polynomials. We proceed similarly to [3] in order to stretch the roots out.
From the proof of Proposition 2, the curve C intersects every circle centered at z = 1 of radius at most 1. Let z = re iθ be a complex number of modulus r ≤ 1 and argument θ . To show that all disks within the disk of interest contain the root of a strongly connected polynomial, it needs to be shown that for any ε > 0 there is a root w of a strongly connected reliability polynomial such that w − 1 has modulus within ε of r and argument within ε of θ . We can assume that r − ε > 0.
Choose L large enough so that for any complex number ρ = 0, there is an Lth root of ρ whose argument is within ε of θ. Note that (r − ε) → 0 and (r + ε) − (r − ε) > 0 as −→ ∞ by Proposition 2, for some sufficiently large > L there is a digraph D whose strongly connected reliability polynomial has a zero w such that (r − ε) < |1 − w | < (r + ε) . (r − ε) < |1 − w | < (r + ε) , so it follows that r − ε < |1 − p| < r + ε. Since > L, at least one choice of p has the argument of 1 − p within ε of θ. Thus, the closure of the set of roots of strongly connected reliability polynomials contains the disk |z − 1| ≤ 1 and therefore is the whole complex plane.
